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Abstract 

We study the causality violation in the non-local quantum field theory 
(as formulated by Kleppe and Woodard) containing a finite mass scale 
A. We use 4 theory as a simple model for study. Starting from the 
Bogoliubov-Shirkov criterion for causality, we construct and study com- 
binations of S-matrix elements that signal violation of causality in the 
one loop approximation. We find that the causality violation in the ex- 
clusive process <f> + (j> — > <f> + <j> grows with energy, but the growth with 
energy, (for low to moderate energies) is suppressed to all orders com- 
pared to what one would expect purely from dimensional considerations. 
We however find that the causality violation in other processes such as 
4>-\-4>^4>-\-(j)-\-(j>-\-(f) grows with energy as expected from dimensional 
considerations at low to moderate energies. For high enough energies com- 
parable to the mass scale A, however, we find a rapid (exponential-like) 
growth in the degree of causality violation. We generalize some of the 1- 
loop results to all orders. We present interpretations of the results based 
on possible interpretations of the non-local quantum field theory models. 



1 Introduction 

Non-local quantum field theories (NLQFT) have been a subject of wide research 
since 1950's. The main reason for the interest in early days has been the hope 
that the non-local quantum field theory can provide a solution to the puzzling 
aspects of renormalization. The basic idea was that since the divergences in a 
local quantum filed theory arise from product of fields at an identical space-time 
point, the divergences of the local quantum field theory would be tamed if the 
interaction were non-local. In particular, if the interaction scale was typically of 
the order of 1 /A, then momenta in loop integrals (Euclidean) would be damped 
when \p 2 \ >> A 2 . The early work on NLQFT, starting from that by Pais and 
Uhlcnbeck 1 and especially that of Efimov and coworkers, has been summarized 
in NLQFT's also have found application towards description of extended 
particles which incorporates the symmetries of the theory in some (non-local) 
form [3] .The non-commutative fields theories, currently being studied 0], are a 
special variant of a NLQFT, as is evident especially in its QFT representation 
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using the star product. In this work, we shall focus our attention on the type 
of NLQFT's formulated by Kleppe and Woodard 0. 

One of the reasons we normally insist on a local quantum field theory is be- 
cause it has microscopic causality, and this ensures causality of the theory. One 
of the consequences, therefore, that would be suspected of non-locality would 
be a causality violation (at least) at the level of the S-matrix. Indeed, since 
at a given moment, the interaction is spread over a finite region in space, thus 
covering simultaneously space-like separated points, we expect the interaction 
could induce non-causality. 

In view of the fact that we have not observed large-scale causality violation, 
it becomes important to generically distinguish between theories exhibiting clas- 
sical violations of causality versus quantum violations of causality. As argued in 
the section |51 a violation of causality at the classical level generally has a larger 
effective range and strength, compared to the quantum violations of causality 
which are suppressed by g 2 /16ir 2 per loop. We do not know of large scale 
causality violations, and as such, it is desirable that the non-local theory has no 
classical violation of causality. One way known to ensure that there is no clas- 
sical level of causality violation is to require that the S-matrix of the NLQFT 
at the tree level coincides with that of the local theory (A — > oo). 

We shall work in the context of the NLQFT's as formulated by Kleppe and 
Woodard 5 . This form of non-local QFT was evolved out of earlier work of 
Moffat insights into structure of non-local field equations by Eliezer and 
Woodard |S] and application to QED by Evens et al [7]. This formulation has 
a distinct advantage over earlier attempts in several ways: 

1. There are no additional classical solutions to the non-local field equations com- 
pared to the local ones. The nonlocal theory is truly a deformation of the local 
theory and the meaning of quantization, as a perturbation about the classical, 
is not altered. This property is not shared by non-commutative field theories. 

2. It has the same S-matrix at the tree level, and thus; 

3. There is no classical violation of causality. 

4. The theory, unlike a higher derivative theory, has no ghosts and is unitary at a 
finite A. 

5. The theory can embody non-localized versions of local symmetries having an 
equivalent set of consequences. 

There are many other reasons for taking interest in these NLQFT's. We have 
found such a non-local formulation with a finite A, very useful in understanding 
the renormalization program in the renormalizable field theories [S]. We have 
shown that this formulation enables one to construct a mathematically consis- 
tent framework in which the renormalization program can be understood in a 
natural manner. The framework does not require any violations of mathemati- 
cal rigor usually associated with the renormalization program. This framework, 
moreover, made it possible to theoretically estimate the mass scale A. The 
nonlocal formulations can also be understood |U] as an effective field theory 
formulation of a physical theory that is valid up to mass scale ~A. In such a 
case, the unknown physics at energy scales higher than A [such as a structure 
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in terms of finer constituents, additional particles, forces, supersymmetry etc 
] can effectively be represented in a consistent way (a unitary, gauge- invariant, 
finite (or renormalizable) theory) by the non-local theory. In other words, the 
nonlocal standard model can serve as such an effective field theory [5] and will 
afford a model-independent way of consistently reparametrizing the effects be- 
yond standard model. It can be looked upon in a number of other ways. One 
could think the non-locality as representing a form factor with a momentum 
cut-off A|3j. One could also think of this theory as embodying a granularity of 
space-time of the scale I/A or as an intrinsic mass scale A |51 11UI 18). 
A possible "limitation" of the theory is that the theory necessarily has quan- 
tum violations of causality E] > though it can be interpreted as a prediction 
of the theory. In this work we explore this question with the help of the first 
calculations for the simplest field theory: the nonlocal version of the A^> 4 theory 



In order to study causality violation (CV) in the theory, it is first necessary to 
formulate quantities that signal CV. We would like to construct quantities that 
can feasibly be measured experimentally. From this view-point, it is appropriate 
to construct quantities in terms of the S-operator. Bogoliubov and Shirkov J3| 
have formulated a necessary condition for causality to be preserved in particle 
physics by the S-operator. This formulation is simple and at the same time 
extremely general in that, 

1. It does not rely on a Lagrangian QFT: it uses only the phenomenologically 
accessible S-operator. 

2. It uses the most basic notion of causality in a relativistic formulation: A cause 
at x shall not affect physics at any point y unless y is in the forward light-cone 
with respect to x. 

3. It assumes covariance of observable physics. 

4. It assumes that the S-operator remains unitary in the face of a variable coupling 
constant 3 . 

The condition is formulated as, 



where x <^ y means that either x° < y° or x and y are space-like separated. [In 
either case, there exists a frame in which x° < y ]. Section gives a brief qual- 
itative understanding of this relation and how amplitudes indicating causality 
violation are constructed using this relation. 

In section |21 we shall also summarize the essentials of construction of a non- 
local QFT given a local one. We shall qualitatively discuss causality violation 
at the classical and the quantum level. In the section 3, we shall give the results 
for the exclusive processes (f> + <f> — ► <f> + <f> and (j> + <f> — > tf> + <f> + (f> + (f> in the 
one loop order and also some all-order generalizations of the properties of the 

3 This requirement, in a theory such as \<f> 4 theory, is evidently fulfilled even when A is space- 
time dependent: the Hamiltonian continues to be Hermitian. In the case of Non-abelian gauge 
theories, it is possible to construct a BRS-invariant action with a variable coupling constant. 
It is best constructed directly in terms of (x) = g(x)A'^ l (x) 




a) 
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former. In the last section, we shall interpret the results. For brevity, we shall 
leave out many technical details, (for which we shall refer the reader to |12j) 
and prefer to give qualitative elucidations in this article. 



2 Preliminary 

In this section, we shall qualitatively discuss the construction of non-local field 
theories and the Bogoliubov-Shirkov criterion of causality and make remarks on 
CV at the classical/quantum level. 



2.1 Non-Local Quantum Field Theory 

We shall present the construction of the NLQFT as presented in We start 
with the local action for a field theory, in terms of a generic field 4>, as the sum 
of the quadratic and the interaction part: 

S[</>] - + 1[4>] 

and express the quadratic piece as 

F[4>] = J d l X(f)i(x)%j(f)j(x) 

We define the regularized action in terms of the smeared field 4>, defined in terms 
of 4 the kinetic energy operator Sjj as, 

$ = £- x 4> £ = exp[3/A 2 ] 

The nonlocally regularized action is constructed by first introducing an auxiliary 
action S[<p, ip}. It is given by 

S[<P, t/j] = F[$] - A[i/j] + I[4> + V>] 

where ip is called a "shadow field" with an action 

A[i>] = J dViOyV* o = 

The action of the non-local theory is defined as S[<f>] = S[<fi, || +=+[ ^i where ip[(j)] 
is the solution of the classical equation M = 

The vertices are unchanged but every leg can connect either to a smeared 
propagator 

i£ 2 f°° dr r 3 Tl 



4 The choice of the smearing operator is the only freedom in the above construction. For a 
set of restrictions to be fulfilled by £, see e.g. 1111 
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or to a shadow propagator [shown by a line crossed by a bar] 



In the context of the At/) 4 theory, we have, 



-d 2 



We shall now make elaborative comments. The procedure constructs an ac- 
tion having an infinite number of terms (each individually local), and having 
arbitrary order derivatives of (f>. The net result is to give convergence in the 
Euclidean momentum space beyond a momentum scale A through a factor of 

2 _ 2 

the form exp ( p A " ) in propagators. The construction is such that there is a 
one-to-one correspondence between the solutions of the local and the non-local 
classical field equations, (a difficult task indeed [H]). It can also be made to 
preserve the local symmetries of the local action in a non- localized form [5] . 

The Feynman rules for the nonlocal theory are simple extensions of the local 
ones. In momentum space, these read: 

1. For the ^-propagator (smeared propagator) denoted by a straight line: 
\ eXP \ V2 ^\} 



1 — exp 



C( 

} 



p—m -\-ie 
A2 



p 2 — m 2 -\-ie 

2. For the ^-propagator denoted by a barred line 



} 



p —m +ie 
A 2 



p2 _ m 2 _|_ j ( 



A 2 



dr exp < r 



A 2 



3. The 4-point vertex is as in the local theory, except that any of the lines 
emerging from it can be of either type. (There is accordingly a statistical 
factor). 

4. In a Feynman diagram, the internal lines can be either shadow or smeared, 
with the exception that no diagrams can have closed shadow loops. 

We add several observations: 

a The shadow propagator is the residue left behind when the smeared one is subtracted 
from the local one. 

b The smeared propagator has residue " 1" at the location of pole, whereas the shadow 
propagator has no pole. These remarks are relevant to the unitarity of the theory, 
proven via Cutkosky rules. 

c The lack of pole in the shadow propagator is relevant in the discussion of mass- 
singularity in CV amplitude. 

d The parameter A in the theory can be constrained from precision experiments [See 
e.g. first of HU) and |14| j and theoretical arguments based on an understanding 
of renormalization in this framework 
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2.2 Bogoliubov-Shirkov Condition of Causality 

The causality condition that we have used to investigate causality violation 
in NLQFT is the one discussed by Bogoliubov and Shirkov ^3]. They have 
shown that an S-matrix for a theory that preserves causality must satisfy the 
condition of Eq.Q and it has been formulated treating the coupling g(x) as 
space-time dependent. A simple qualitative understanding can be provided as 
follows: Let us consider a theory with a variable coupling constant g(x) and 
having time-reversal invariance. Then the S-operator satisfies:S , [g(z)]S , ' l '[<7(2!)] = 
X, independent of g(z). S' is an operator that evolves a state back in time from 
t — oo to t — — oo, while S then carries it back to t = oo giving the original state. 
In this to and fro time travel, any variation in g(z), done on both routes does 
not change the net result, 1: the change in g(z) on both routes together cancels 
out. Now suppose we carry out a local change in g{z) only on the return trip 
at y: Sg(z) = 0, z ± y. Then, S[g{z) + &g(z)\&\g{z)\ ^1= S\g(z)\&\g{z)]. 
Now, causality demands that the change in g(z) at y cannot affect the time 
evolution for times earlier than y. Thus, the time-evolution on the return path 
between (-co, j/o) is exactly reverse of that on the first part between (yo, — oo) 
and thus cancels out in the combination S[g(z) + Sg(z)]S'[g(z)]. Hence, in 
the combination S[g(z) + 5g(z)]S*\g(z)], any additional change in g(z) in the 
vicinity of any point x earlier than y and made on both routes, would cancel 
out similarly between the two trips. Hence, 

" [S[g(z) + 6g(z)]Si[g(z)]]=0 



5g(x) 

for xq < tjq. Also, if x ~ y, i.e. x spacelike with respect to y, then there exists 
a frame in which xq < yo holds. Covariance then leads to the same relation in 
this case also. 

The above relation is a series in g{x) and leads perturbatively to an infinite set 
of equations when expanded using 

S'[5] = l + ^^y I S n (x 1 ,...,x n )g(x 1 )...g(x n )dx 1 ...dx n . (2) 

n>l H ' J 

These can be further simplified by the use of unitarity relation S^[g(x)]S[g(x)] = 
I, expanded similarly in powers of g(x). 

We shall write only a few of each of these (for a general expression for H n , see 

H 1 (x 1 y)=iS 2 (x,y)+iS 1 (x)Si(y)=0 (3) 

H 2 (x,y,z) = iS 3 (x,y,z) +iSi(x)Sl(y,z) + iS 2 (x,y)Sl(z) + iS 2 (x, z)S{(y) = 

(4) 

(valid for xq > yo,zo); along with the unitarity condition gives by 

S 1 (x)+St(x)=0 (5) 
S 2 (x,y) + Sl(x,y) + S 1 (x)Sl(y) + S 1 (y)Sl(x) =0 (6) 
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In the case of the local theory, these relations [© and (@J] are trivially satisfied. 
In the case of the nonlocal theories, such quantities, on the other hand, afford a 
way of characterizing the causality violation. However, these quantities contain 
not the usual S-matrix elements that one can observe in an experiment (which 
are obtained with a constant i.e. space-time-independent coupling), but rather 
the coefficients in @. We thus find it profitable to construct appropriate space- 
tine integrated versions out of H n (y, x\, x n ). Thus, for example, we can 
consider 



Hi = I d 4 xj d A y[d{x -yo)H-L{x,y) + %o -£ )#i(y,z)] 

d A x f d A yS 2 {x,y)~i ( d A x f d A yT[S 1 (x)S 1 (y)} (7) 



which can be expressed entirely in terms of Feynman diagrams that appear in 
the usual S-matrix amplitudes. In a similar manner, we can formulate 



H2 = / d 4 x j d 4 y j d 4 zH 2 (x,y, z)i9(x - y )$(y - z ) (8) 
+5 symmetric terms (9) 
and can itself be expressed in terms of Feynman diagrams. 



2.3 Classical and Quantum violations of Causality 

In this section, we shall discuss the essential dissimilarities between the viola- 
tion of causality at the classical and quantum levels 5 . Suppose the theory has 
classical violation of causality with coupling strength g 2 and range R = j . We 
may, for example, consider an action-at-a-distance signal the travels 6 a distance 
< R and strength g 2 . We may then consider a succession of a set of N station- 
ary transmitters placed a distance R apart. This arrangement will transmit 
an action-at-a-distance signal of strength ~ g 2N . Assuming that the smallest 
observable amplitude is a, the system transmits a causality-violating signal to 
a range ~ jjf^-R which can be large even for a fixed R and is being transmitted 

even at zero momentum of transmitters. On the other hand, for a quantum 

2 

violation, there is first a further suppression of jjj—? per loop, thus cutting down 
the amplitude and the range. We shall, in addition, show that (as would be 
expected for a quantum phenomenon) the degree of quantum violation depends 
sensitively on the de Broglie wavelength A = h/p of the interacting particles 
and the causality violating effect is greatly diminished for R < < A and becomes 
significant only when A ~ R = I/A, i.e. at high energies. In this connection, 
we note that in the classical limit /i-*0, the de Broglie wavelength A — > and 
always fulfills the condition for a large causality violation: R > A for any small 
momentum. In absence of an evidence of a large-scale violation of causality, it 
is desirable to restrict to theories with only quantum violations of causality. 

5 The discussion below is qualitative and broad enough but may not cover all possibilities. 
6 Such a possibility is inherent in a covariant non-local interaction with a mass parameter 

A. 
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3 Calculation of CV at one loop 




p. 



Figure 1: (a) 2 particle > 2 particle, s-channel diagram contributing to CV 

(b) 2 particle > 4 particle, a sample diagram contributing to CV 



3.1 Process + 0^0 + 

General properties of the amplitude for this process have been studied to all 
orders |T2] and the conclusions are presented at the end of this subsection. We 
shall first go into the details of the one-loop contribution. At one-loop, this 
process is of 0(g 2 ) and H± is the operator relevant for CV amplitude. The 
contribution to H± comes from two sources: 

• The diagram of Fig. 1(a) and crossed diagrams 

• The counter-terms inherent in each of J d 4 x J d 4 yS2{x,y) 
and J d A x J <fyT[Si(x)Si(y)] 

We give the result for the amplitude for the s-channel diagram (Fig. 1(a)) in the 
massless limit: 



In addition, there are the t-channel and the it-channel diagrams each of which 
is given by an analogous expression with s — ► t and s — » u respectively. The 
sum of three such diagrams, for the case s -C A 2 is given by, 




(10) 





s{ 3 <" 2+ >" 2 >+^'£'£)} (11) 
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The counter-terms, on the other hand, are partly determined by the requirement 
that the net CV — > as A — > oo. This still leaves an ambiguity of a constant 
that vanishes as A — > oo. Consistent with phenomenological non-observation of 
CV, we shall assume that CV vanishes at low energies (as s — > 0) 12 , which 
will fix the ambiguity 7 . The net result for CV then is, 

9A 2 fs 2 + t 2 + u 2 \ 

(12) 



64tt 2 V A 4 

Thus, the CV is an order of magnitude smaller than would be expected by naive 
power counting. On the other hand, for large enough s < A 2 , the series for To(s) 
shows a rapid (exponential- like) increase, while the series for To(t) and To(m) 
die away. The CV then shows a rapid exponential-like rise. 

These results for (4> + 4> — > <fi + <fi), arrived at from a relatively simple 1-loop 
calculation can be generalized to all orders |12| . They are enumerated below: 

• CV oc ( s2+ a<i + " 2 ) for s « A 2 

• CV shows a rapid (exponential-like) rise as s < A 2 

• CV shows no mass singularity as m —> 0. This is important in a theory having 
small masses (e.g.m e ,m„). This result forbids a large CV developing ~ ln(m). 

• CV amplitude is real: the graphs contributing to it have no physical intermediate 
states. 

The proof depends on the analyticity properties of the CV amplitudes in the 
variables s, t and m. Very compact arguments can be constructed to study 
these 8 . 



3.2 Process + 0-^0 + + + 

A similar calculation can be made for H2 in the one loop approximation. The 
diagram of Fig. 1(b), together with 14 others obtained by Bose-symmctry, 
contribute. There is no counterterm here. The results are identical: 

• t — 7 — i — cv ... — j— ~ A~ 2 x {a quadratic function of Lorentz invariants} 
total amplitude 1 ' 

as would be expected by power counting. 

• CV shows a rapid (exponential-like) rise for s < A 2 
For further details, please see |12) . 



4 Interpretation of Results and further direc- 
tions 

The above calculations predict causality violation in the NLQFT model, es- 
pecially a larger CV amplitude for higher energies s ~ A 2 . We recall that 

7 As emphasized in 1121 . presence of any momentum- dependent contribution to Hi signals 
causality violation, irrespective of this assumption. 
8 See e.g. the Appendix A of IT21. 
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experiments (g-2 of the muon, precision tests of the standard model) constrain 
A [See e.g. first of [TD[.[5] and [Hj]. As elaborated in section 1, the NLQFT's 
have (at least) two possible interpretations: 

I. 1/A represents scale of non- locality that determines granularity of space-time. 
Then 1/A is a fixed property of space-time for any field theory. 

II. The non-local theory represents an effective field theory and the scale A repre- 
sents the scale at which the theory has to be replaced by a more fundamental 
theory. 

We can understand/interpret these results in both the frameworks, but the 
meaning attached to them is different. Option I necessarily requires a rela- 
tively large causality violation at s ~ A 2 . An observation of causality violation 
at these energies will bolster an interpretation of these theories as a physi- 
cal theory with first interpretation. In this picture, for low energies, the De 
Broglie wavelength A is much larger than the space-time scale of non-locality, 
and causality violation would go unobserved. On the other hand, for energies 
s ~ A 2 , A ~ h/A, the scale of non-locality. So it is not surprising if CV becomes 
significant. Option II leaves the possibility that as s — > A 2 , the non-local theory 
becomes less and less valid; because then we should have to use the underlying 
(fundamental) theory to calculate quantities. In this case, the large CV obtained 
by calculation could be an artifact of approximation that replaces the more fun- 
damental theory by an effective non-local theory. Thus, a non-observation of a 
growing CV amplitude, could possibly be re-interpreted by going to the under- 
lying fundamental theory and is not necessarily in an immediate contradiction 
with the above calculations. 

Work in several directions to generalize the results is in progress. 
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